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Bagged posterior corrects for model 
misspecification

• Goal: predict future insurance claims based on (real) historic data ⇒

• Try Bayesian inference with (non-trivial) model (data is 10 time series) ⇒

• Problem: uncertainty not well-calibrated because model is wrong⇒

• Alternative: the bootstrap ⇒ too little data

• Solution: use the bagged posterior (BayesBag)
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[H & Miller 2019]
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➡ BayesBag for parameter inference  
(and prediction) 

• BayesBag theory and methodology 

• BayesBag for model selection
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• Prior beliefs 𝜋₀(𝜃) about the phenomenon

• Observe data Y via model p(Y | 𝜃) 

• Combine prior & likelihood to form posterior: 
 

• Benefits: coherent belief updates, uncertainty 
quantification, flexible modeling, and more

• Assumption #1: measurement model correct: 
observed Y has distribution p(Y | 𝜃true)

• Assumption #2: Prior puts sufficient mass on 
true parameter 𝜃true
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<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

[Efron 1979] 5

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

distribution of…

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

• Data Y = (Y1, …, Yn), where Yi ~ Ptrue

• Interested in parameter that best 
explains distribution [e.g. mean of 
independent normal observations]

• Want sampling uncertainty [e.g. 
distribution of mean(Y) under Ptrue]

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>



Bootstrapping
Ptrue

<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

[Efron 1979] 5

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

distribution of…

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

• Data Y = (Y1, …, Yn), where Yi ~ Ptrue

• Interested in parameter that best 
explains distribution [e.g. mean of 
independent normal observations]

• Want sampling uncertainty [e.g. 
distribution of mean(Y) under Ptrue]

• Bootstrap: replace Ptrue with Pn 

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>



Bootstrapping
Ptrue

<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

[Efron 1979] 5

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

distribution of…

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

• Data Y = (Y1, …, Yn), where Yi ~ Ptrue

• Interested in parameter that best 
explains distribution [e.g. mean of 
independent normal observations]

• Want sampling uncertainty [e.g. 
distribution of mean(Y) under Ptrue]

• Bootstrap: replace Ptrue with Pn 

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>



Bootstrapping
Ptrue

<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

[Efron 1979] 5

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

distribution of…

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

• Data Y = (Y1, …, Yn), where Yi ~ Ptrue

• Interested in parameter that best 
explains distribution [e.g. mean of 
independent normal observations]

• Want sampling uncertainty [e.g. 
distribution of mean(Y) under Ptrue]

• Bootstrap: replace Ptrue with Pn 

• Sample B bootstrap datasets to get 
empirical distribution [e.g. mean(Yboot)]

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>

mean(Y (1)
boot) mean(Y (2)

boot) · · · mean(Y (B)
boot)

<latexit sha1_base64="Iesqmfu0rBSKVSkuUwpJZrxV6B0="></latexit>



Bootstrapping
Ptrue

<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

[Efron 1979] 5

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

distribution of…

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

• Data Y = (Y1, …, Yn), where Yi ~ Ptrue

• Interested in parameter that best 
explains distribution [e.g. mean of 
independent normal observations]

• Want sampling uncertainty [e.g. 
distribution of mean(Y) under Ptrue]

• Bootstrap: replace Ptrue with Pn 

• Sample B bootstrap datasets to get 
empirical distribution [e.g. mean(Yboot)]

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>

mean(Y (1)
boot) mean(Y (2)

boot) · · · mean(Y (B)
boot)

<latexit sha1_base64="Iesqmfu0rBSKVSkuUwpJZrxV6B0="></latexit>

mean(Yboot) given Y
<latexit sha1_base64="Fv0JrZMx0DwM91zg0r9FPy/3dps="></latexit>



Bootstrapping
Ptrue

<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

[Efron 1979] 5

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

distribution of…

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

• Data Y = (Y1, …, Yn), where Yi ~ Ptrue

• Interested in parameter that best 
explains distribution [e.g. mean of 
independent normal observations]

• Want sampling uncertainty [e.g. 
distribution of mean(Y) under Ptrue]

• Bootstrap: replace Ptrue with Pn 

• Sample B bootstrap datasets to get 
empirical distribution [e.g. mean(Yboot)]

• Benefits: no assumptions about Ptrue, 
easy to use, can parallelize across B 

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>

mean(Y (1)
boot) mean(Y (2)

boot) · · · mean(Y (B)
boot)

<latexit sha1_base64="Iesqmfu0rBSKVSkuUwpJZrxV6B0="></latexit>

mean(Yboot) given Y
<latexit sha1_base64="Fv0JrZMx0DwM91zg0r9FPy/3dps="></latexit>



Bootstrapping
Ptrue

<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

[Efron 1979] 5

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

distribution of…

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

• Data Y = (Y1, …, Yn), where Yi ~ Ptrue

• Interested in parameter that best 
explains distribution [e.g. mean of 
independent normal observations]

• Want sampling uncertainty [e.g. 
distribution of mean(Y) under Ptrue]

• Bootstrap: replace Ptrue with Pn 

• Sample B bootstrap datasets to get 
empirical distribution [e.g. mean(Yboot)]

• Benefits: no assumptions about Ptrue, 
easy to use, can parallelize across B 

• Challenges: B large (1,000-100,000), 
finite-sample properties

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>

mean(Y (1)
boot) mean(Y (2)

boot) · · · mean(Y (B)
boot)

<latexit sha1_base64="Iesqmfu0rBSKVSkuUwpJZrxV6B0="></latexit>

mean(Yboot) given Y
<latexit sha1_base64="Fv0JrZMx0DwM91zg0r9FPy/3dps="></latexit>
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Ptrue
<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>
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• Recall: posterior given data Y is 
denoted π(𝜃 | Y )

standard  
posterior

uncertainty about true mean

Ptrue
<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>
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• Recall: posterior given data Y is 
denoted π(𝜃 | Y )

• BayesBag method: Sample B 
bootstrap datasets and average 
over posteriors 
 
 

standard  
posterior

uncertainty about true mean

bagged 
posterior

Ptrue
<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

mean(Y )
<latexit sha1_base64="gJPiAjmVJN6pCfYEi9mg/afJSB4=">AAACEHicbVDLSgNBEJz1GeNr1aOXxSDEg2E3CuYY8OIxgolKEsLspDcZnZldZnqDYclPePaq3+BNvPoHfoJ/4STuwVdBQ1HVTTUVJoIb9P13Z25+YXFpubBSXF1b39h0t7ZbJk41gyaLRayvQmpAcAVN5CjgKtFAZSjgMrw9nfqXI9CGx+oCxwl0JR0oHnFG0Uo91+0g3KGJMglUTcrXBz235Ff8Gby/JMhJieRo9NyPTj9mqQSFTFBj2oGfYDejGjkTMCl2UgMJZbd0AG1LFZVgutns84m3b5W+F8XajkJvpn6/yKg0ZixDuykpDs1vbyr+57VTjGrdjKskRVDsKyhKhYexN63B63MNDMXYEso0t796bEg1ZWjL+pFyMxweSm5YdVK03QS/m/hLWtVKcFSpnh+X6rW8pQLZJXukTAJyQurkjDRIkzAyIg/kkTw5986z8+K8fq3OOfnNDvkB5+0TD5icyA==</latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>

⇡BB(✓ | Y ) =
1

B

BX

b=1

⇡(✓ | Y (b)
boot)

<latexit sha1_base64="ea0D8ayWdb9ttL2ni7JEGIQU5DU="></latexit>
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• Recall: posterior given data Y is 
denoted π(𝜃 | Y )

• BayesBag method: Sample B 
bootstrap datasets and average 
over posteriors 
 
 

• Same benefits as bootstrap: no 
correct model assumption, easy-
to-use, can parallelize across B standard  

posterior

uncertainty about true mean

bagged 
posterior

Ptrue
<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>
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• Recall: posterior given data Y is 
denoted π(𝜃 | Y )

• BayesBag method: Sample B 
bootstrap datasets and average 
over posteriors 
 
 

• Same benefits as bootstrap: no 
correct model assumption, easy-
to-use, can parallelize across B

• Suffices to take B = 50 or 100
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• Recall: posterior given data Y is 
denoted π(𝜃 | Y )

• BayesBag method: Sample B 
bootstrap datasets and average 
over posteriors 
 
 

• Same benefits as bootstrap: no 
correct model assumption, easy-
to-use, can parallelize across B

• Suffices to take B = 50 or 100

• Finite-sample benefits of Bayes
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• Assumed model: Gaussian linear regression with conjugate priors

• Data-generating distribution Ptrue: can be correct or misspecified

• ◊opt = optimal parameter that is “closest” to Ptrue

• Performance metric is di�erence in log posterior density at ◊opt:

log fiBB(◊opt | Y ) ≠ log fi(◊opt | Y )

Better parameter inference with 
BayesBag

7[H & Miller 2019]
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• Performance metric is di�erence in log posterior density at ◊opt:

log fiBB(◊opt | Y ) ≠ log fi(◊opt | Y )

Better parameter inference with 
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Agenda

8

• BayesBag for parameter inference  
(and prediction) 

➡ BayesBag theory and methodology 

• BayesBag for model selection
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sampling-based uncertainty 
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point estimate

BayesBag incorporates model- and 
sampling-based uncertainty 
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<latexit sha1_base64="ugYbrCBJi1MVkecYuNzHImxZ5iY=">AAACGXicbVDLSsNAFJ3UV62vqitxEyxCXViSVnzsim5cVrAPaUKZTKfN2EkmzNwUSgh+iGu3+g3uxK0rP8G/ME2LWOuBC4dz7uXee5yAMwWG8allFhaXlleyq7m19Y3Nrfz2TkOJUBJaJ4IL2XKwopz5tA4MOG0FkmLP4bTpDK7GfnNIpWLCv4VRQG0P933WYwRDInXye9YQSyuyXHAp4OJdJ3KEgPjIijv5glEyUujzxJySApqi1sl/WV1BQo/6QDhWqm0aAdgRlsAIp3HOChUNMBngPm0n1MceVXaUvhDrh4nS1XtCJuWDnqq/JyLsKTXynKTTw+Cqv95Y/M9rh9A7tyPmByFQn0wW9UKug9DHeehdJikBPkoIJpIlt+rExRITSFKb2XLvusceU6Qc59JsLsY4/UlinjTKJbNSqtycFKqX05SyaB8doCIy0RmqomtUQ3VE0AN6Qs/oRXvUXrU37X3SmtGmM7toBtrHN5wRoQY=</latexit>

Bootstrap variance: sampling uncertainty
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point estimate

BayesBag incorporates model- and 
sampling-based uncertainty 

9[H & Miller 2019]

Var{✓̂(Yboot)}
<latexit sha1_base64="ugYbrCBJi1MVkecYuNzHImxZ5iY=">AAACGXicbVDLSsNAFJ3UV62vqitxEyxCXViSVnzsim5cVrAPaUKZTKfN2EkmzNwUSgh+iGu3+g3uxK0rP8G/ME2LWOuBC4dz7uXee5yAMwWG8allFhaXlleyq7m19Y3Nrfz2TkOJUBJaJ4IL2XKwopz5tA4MOG0FkmLP4bTpDK7GfnNIpWLCv4VRQG0P933WYwRDInXye9YQSyuyXHAp4OJdJ3KEgPjIijv5glEyUujzxJySApqi1sl/WV1BQo/6QDhWqm0aAdgRlsAIp3HOChUNMBngPm0n1MceVXaUvhDrh4nS1XtCJuWDnqq/JyLsKTXynKTTw+Cqv95Y/M9rh9A7tyPmByFQn0wW9UKug9DHeehdJikBPkoIJpIlt+rExRITSFKb2XLvusceU6Qc59JsLsY4/UlinjTKJbNSqtycFKqX05SyaB8doCIy0RmqomtUQ3VE0AN6Qs/oRXvUXrU37X3SmtGmM7toBtrHN5wRoQY=</latexit>

Bootstrap variance: sampling uncertainty

Sample from posterior: # ⇠ ⇡(✓ |Y )
<latexit sha1_base64="C2LlLSP6VsdCkr9/JlGFoG10P1c=">AAACJHicbVDLTgIxFO3gC/GFunTTiCa4kAxgfOyIblxiIg/DENIpF6bS6UzaDgkh/IAf4tqtfoM748KNe//CAhMj4kmanJxzb87tcUPOlLbtDyuxsLi0vJJcTa2tb2xupbd3qiqIJIUKDXgg6y5RwJmAimaaQz2UQHyXQ83tXY39Wh+kYoG41YMQmj7pCtZhlGgjtdIHTp9I7YEm2GmbOOyELOvEQpf1QeC7o1Y6Y+fsCfA8ycckg2KUW+kvpx3QyAehKSdKNfJ2qJtDk8Qoh1HKiRSEhPZIFxqGCuKDag4nvxnhQ6O0cSeQ5gmNJ+rvjSHxlRr4rpn0ifbUX28s/uc1It05bw6ZCCMNgk6DOhHHOsDjanCbSaCaDwwhVDJzK6YekYRqU+BMyr3nHftM0cIoNenmYozTnybmSbWQyxdzxZuTTOkybimJ9tA+yqI8OkMldI3KqIIoekBP6Bm9WI/Wq/VmvU9HE1a8s4tmYH1+A8bspKE=</latexit>
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<latexit sha1_base64="mCRhlLKG1JGk8ncnxH3wIYkImLY="></latexit>

point estimate

BayesBag incorporates model- and 
sampling-based uncertainty 

9[H & Miller 2019]

Var{✓̂(Yboot)}
<latexit sha1_base64="ugYbrCBJi1MVkecYuNzHImxZ5iY=">AAACGXicbVDLSsNAFJ3UV62vqitxEyxCXViSVnzsim5cVrAPaUKZTKfN2EkmzNwUSgh+iGu3+g3uxK0rP8G/ME2LWOuBC4dz7uXee5yAMwWG8allFhaXlleyq7m19Y3Nrfz2TkOJUBJaJ4IL2XKwopz5tA4MOG0FkmLP4bTpDK7GfnNIpWLCv4VRQG0P933WYwRDInXye9YQSyuyXHAp4OJdJ3KEgPjIijv5glEyUujzxJySApqi1sl/WV1BQo/6QDhWqm0aAdgRlsAIp3HOChUNMBngPm0n1MceVXaUvhDrh4nS1XtCJuWDnqq/JyLsKTXynKTTw+Cqv95Y/M9rh9A7tyPmByFQn0wW9UKug9DHeehdJikBPkoIJpIlt+rExRITSFKb2XLvusceU6Qc59JsLsY4/UlinjTKJbNSqtycFKqX05SyaB8doCIy0RmqomtUQ3VE0AN6Qs/oRXvUXrU37X3SmtGmM7toBtrHN5wRoQY=</latexit>

Bootstrap variance: sampling uncertainty

Var(# |Y )
<latexit sha1_base64="VlY6LCwIOMGS1v8DN+h8EKiNslg=">AAACGHicbVDLTgIxFO3gC/GFujFx00hMcCGZAeNjR3TjEhN5GCCkUy5MpdOZtB0SQvBDXLvVb3Bn3LrzE/wLO0CMiCdpc3LOfbTHDTlT2rY/rcTC4tLySnI1tba+sbmV3t6pqCCSFMo04IGsuUQBZwLKmmkOtVAC8V0OVbd3FfvVPkjFAnGrByE0fdIVrMMo0UZqpfcafSKz8aU90AQ3uqwPAt8dtdIZO2ePgeeJMyUZNEWplf5qtAMa+SA05USpumOHujk0gxnlMEo1IgUhoT3ShbqhgvigmsPxD0b40Cht3AmkOULjsfq7Y0h8pQa+ayp9oj3114vF/7x6pDvnzSETYaRB0MmiTsSxDnAcB24zCVTzgSGESmbeiqlHJKHahDaz5d7zjn2maH6UGmdzEeP0J4l5UsnnnEKucHOSKV5OU0qifXSAsshBZ6iIrlEJlRFFD+gJPaMX69F6td6s90lpwpr27KIZWB/fkgmf1w==</latexit>

Posterior variance:

Sample from posterior: # ⇠ ⇡(✓ |Y )
<latexit sha1_base64="C2LlLSP6VsdCkr9/JlGFoG10P1c=">AAACJHicbVDLTgIxFO3gC/GFunTTiCa4kAxgfOyIblxiIg/DENIpF6bS6UzaDgkh/IAf4tqtfoM748KNe//CAhMj4kmanJxzb87tcUPOlLbtDyuxsLi0vJJcTa2tb2xupbd3qiqIJIUKDXgg6y5RwJmAimaaQz2UQHyXQ83tXY39Wh+kYoG41YMQmj7pCtZhlGgjtdIHTp9I7YEm2GmbOOyELOvEQpf1QeC7o1Y6Y+fsCfA8ycckg2KUW+kvpx3QyAehKSdKNfJ2qJtDk8Qoh1HKiRSEhPZIFxqGCuKDag4nvxnhQ6O0cSeQ5gmNJ+rvjSHxlRr4rpn0ifbUX28s/uc1It05bw6ZCCMNgk6DOhHHOsDjanCbSaCaDwwhVDJzK6YekYRqU+BMyr3nHftM0cIoNenmYozTnybmSbWQyxdzxZuTTOkybimJ9tA+yqI8OkMldI3KqIIoekBP6Bm9WI/Wq/VmvU9HE1a8s4tmYH1+A8bspKE=</latexit>
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<latexit sha1_base64="mCRhlLKG1JGk8ncnxH3wIYkImLY="></latexit>

point estimate

BayesBag incorporates model- and 
sampling-based uncertainty 

9[H & Miller 2019]

Var{✓̂(Yboot)}
<latexit sha1_base64="ugYbrCBJi1MVkecYuNzHImxZ5iY=">AAACGXicbVDLSsNAFJ3UV62vqitxEyxCXViSVnzsim5cVrAPaUKZTKfN2EkmzNwUSgh+iGu3+g3uxK0rP8G/ME2LWOuBC4dz7uXee5yAMwWG8allFhaXlleyq7m19Y3Nrfz2TkOJUBJaJ4IL2XKwopz5tA4MOG0FkmLP4bTpDK7GfnNIpWLCv4VRQG0P933WYwRDInXye9YQSyuyXHAp4OJdJ3KEgPjIijv5glEyUujzxJySApqi1sl/WV1BQo/6QDhWqm0aAdgRlsAIp3HOChUNMBngPm0n1MceVXaUvhDrh4nS1XtCJuWDnqq/JyLsKTXynKTTw+Cqv95Y/M9rh9A7tyPmByFQn0wW9UKug9DHeehdJikBPkoIJpIlt+rExRITSFKb2XLvusceU6Qc59JsLsY4/UlinjTKJbNSqtycFKqX05SyaB8doCIy0RmqomtUQ3VE0AN6Qs/oRXvUXrU37X3SmtGmM7toBtrHN5wRoQY=</latexit>

Bootstrap variance: sampling uncertainty

Var(# |Y )
<latexit sha1_base64="VlY6LCwIOMGS1v8DN+h8EKiNslg=">AAACGHicbVDLTgIxFO3gC/GFujFx00hMcCGZAeNjR3TjEhN5GCCkUy5MpdOZtB0SQvBDXLvVb3Bn3LrzE/wLO0CMiCdpc3LOfbTHDTlT2rY/rcTC4tLySnI1tba+sbmV3t6pqCCSFMo04IGsuUQBZwLKmmkOtVAC8V0OVbd3FfvVPkjFAnGrByE0fdIVrMMo0UZqpfcafSKz8aU90AQ3uqwPAt8dtdIZO2ePgeeJMyUZNEWplf5qtAMa+SA05USpumOHujk0gxnlMEo1IgUhoT3ShbqhgvigmsPxD0b40Cht3AmkOULjsfq7Y0h8pQa+ayp9oj3114vF/7x6pDvnzSETYaRB0MmiTsSxDnAcB24zCVTzgSGESmbeiqlHJKHahDaz5d7zjn2maH6UGmdzEeP0J4l5UsnnnEKucHOSKV5OU0qifXSAsshBZ6iIrlEJlRFFD+gJPaMX69F6td6s90lpwpr27KIZWB/fkgmf1w==</latexit>

Posterior variance:

Sample from posterior: # ⇠ ⇡(✓ |Y )
<latexit sha1_base64="C2LlLSP6VsdCkr9/JlGFoG10P1c=">AAACJHicbVDLTgIxFO3gC/GFunTTiCa4kAxgfOyIblxiIg/DENIpF6bS6UzaDgkh/IAf4tqtfoM748KNe//CAhMj4kmanJxzb87tcUPOlLbtDyuxsLi0vJJcTa2tb2xupbd3qiqIJIUKDXgg6y5RwJmAimaaQz2UQHyXQ83tXY39Wh+kYoG41YMQmj7pCtZhlGgjtdIHTp9I7YEm2GmbOOyELOvEQpf1QeC7o1Y6Y+fsCfA8ycckg2KUW+kvpx3QyAehKSdKNfJ2qJtDk8Qoh1HKiRSEhPZIFxqGCuKDag4nvxnhQ6O0cSeQ5gmNJ+rvjSHxlRr4rpn0ifbUX28s/uc1It05bw6ZCCMNgk6DOhHHOsDjanCbSaCaDwwhVDJzK6YekYRqU+BMyr3nHftM0cIoNenmYozTnybmSbWQyxdzxZuTTOkybimJ9tA+yqI8OkMldI3KqIIoekBP6Bm9WI/Wq/VmvU9HE1a8s4tmYH1+A8bspKE=</latexit>

model-based uncertainty
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<latexit sha1_base64="mCRhlLKG1JGk8ncnxH3wIYkImLY="></latexit>

point estimate

BayesBag incorporates model- and 
sampling-based uncertainty 

9[H & Miller 2019]

#BB ⇠ ⇡BB(✓ |Y )
<latexit sha1_base64="KzdQFVq673SFWj5k8uqMmhH399g="></latexit>

Sample from BayesBag posterior:

Var{✓̂(Yboot)}
<latexit sha1_base64="ugYbrCBJi1MVkecYuNzHImxZ5iY=">AAACGXicbVDLSsNAFJ3UV62vqitxEyxCXViSVnzsim5cVrAPaUKZTKfN2EkmzNwUSgh+iGu3+g3uxK0rP8G/ME2LWOuBC4dz7uXee5yAMwWG8allFhaXlleyq7m19Y3Nrfz2TkOJUBJaJ4IL2XKwopz5tA4MOG0FkmLP4bTpDK7GfnNIpWLCv4VRQG0P933WYwRDInXye9YQSyuyXHAp4OJdJ3KEgPjIijv5glEyUujzxJySApqi1sl/WV1BQo/6QDhWqm0aAdgRlsAIp3HOChUNMBngPm0n1MceVXaUvhDrh4nS1XtCJuWDnqq/JyLsKTXynKTTw+Cqv95Y/M9rh9A7tyPmByFQn0wW9UKug9DHeehdJikBPkoIJpIlt+rExRITSFKb2XLvusceU6Qc59JsLsY4/UlinjTKJbNSqtycFKqX05SyaB8doCIy0RmqomtUQ3VE0AN6Qs/oRXvUXrU37X3SmtGmM7toBtrHN5wRoQY=</latexit>

Bootstrap variance: sampling uncertainty

Var(# |Y )
<latexit sha1_base64="VlY6LCwIOMGS1v8DN+h8EKiNslg=">AAACGHicbVDLTgIxFO3gC/GFujFx00hMcCGZAeNjR3TjEhN5GCCkUy5MpdOZtB0SQvBDXLvVb3Bn3LrzE/wLO0CMiCdpc3LOfbTHDTlT2rY/rcTC4tLySnI1tba+sbmV3t6pqCCSFMo04IGsuUQBZwLKmmkOtVAC8V0OVbd3FfvVPkjFAnGrByE0fdIVrMMo0UZqpfcafSKz8aU90AQ3uqwPAt8dtdIZO2ePgeeJMyUZNEWplf5qtAMa+SA05USpumOHujk0gxnlMEo1IgUhoT3ShbqhgvigmsPxD0b40Cht3AmkOULjsfq7Y0h8pQa+ayp9oj3114vF/7x6pDvnzSETYaRB0MmiTsSxDnAcB24zCVTzgSGESmbeiqlHJKHahDaz5d7zjn2maH6UGmdzEeP0J4l5UsnnnEKucHOSKV5OU0qifXSAsshBZ6iIrlEJlRFFD+gJPaMX69F6td6s90lpwpr27KIZWB/fkgmf1w==</latexit>

Posterior variance:

Sample from posterior: # ⇠ ⇡(✓ |Y )
<latexit sha1_base64="C2LlLSP6VsdCkr9/JlGFoG10P1c=">AAACJHicbVDLTgIxFO3gC/GFunTTiCa4kAxgfOyIblxiIg/DENIpF6bS6UzaDgkh/IAf4tqtfoM748KNe//CAhMj4kmanJxzb87tcUPOlLbtDyuxsLi0vJJcTa2tb2xupbd3qiqIJIUKDXgg6y5RwJmAimaaQz2UQHyXQ83tXY39Wh+kYoG41YMQmj7pCtZhlGgjtdIHTp9I7YEm2GmbOOyELOvEQpf1QeC7o1Y6Y+fsCfA8ycckg2KUW+kvpx3QyAehKSdKNfJ2qJtDk8Qoh1HKiRSEhPZIFxqGCuKDag4nvxnhQ6O0cSeQ5gmNJ+rvjSHxlRr4rpn0ifbUX28s/uc1It05bw6ZCCMNgk6DOhHHOsDjanCbSaCaDwwhVDJzK6YekYRqU+BMyr3nHftM0cIoNenmYozTnybmSbWQyxdzxZuTTOkybimJ9tA+yqI8OkMldI3KqIIoekBP6Bm9WI/Wq/VmvU9HE1a8s4tmYH1+A8bspKE=</latexit>

model-based uncertainty
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<latexit sha1_base64="mCRhlLKG1JGk8ncnxH3wIYkImLY="></latexit>

point estimate

BayesBag incorporates model- and 
sampling-based uncertainty 

9[H & Miller 2019]

#BB ⇠ ⇡BB(✓ |Y )
<latexit sha1_base64="KzdQFVq673SFWj5k8uqMmhH399g="></latexit>

Sample from BayesBag posterior:

Var{✓̂(Yboot)}
<latexit sha1_base64="ugYbrCBJi1MVkecYuNzHImxZ5iY=">AAACGXicbVDLSsNAFJ3UV62vqitxEyxCXViSVnzsim5cVrAPaUKZTKfN2EkmzNwUSgh+iGu3+g3uxK0rP8G/ME2LWOuBC4dz7uXee5yAMwWG8allFhaXlleyq7m19Y3Nrfz2TkOJUBJaJ4IL2XKwopz5tA4MOG0FkmLP4bTpDK7GfnNIpWLCv4VRQG0P933WYwRDInXye9YQSyuyXHAp4OJdJ3KEgPjIijv5glEyUujzxJySApqi1sl/WV1BQo/6QDhWqm0aAdgRlsAIp3HOChUNMBngPm0n1MceVXaUvhDrh4nS1XtCJuWDnqq/JyLsKTXynKTTw+Cqv95Y/M9rh9A7tyPmByFQn0wW9UKug9DHeehdJikBPkoIJpIlt+rExRITSFKb2XLvusceU6Qc59JsLsY4/UlinjTKJbNSqtycFKqX05SyaB8doCIy0RmqomtUQ3VE0AN6Qs/oRXvUXrU37X3SmtGmM7toBtrHN5wRoQY=</latexit>

Bootstrap variance: sampling uncertainty

Var(# |Y )
<latexit sha1_base64="VlY6LCwIOMGS1v8DN+h8EKiNslg=">AAACGHicbVDLTgIxFO3gC/GFujFx00hMcCGZAeNjR3TjEhN5GCCkUy5MpdOZtB0SQvBDXLvVb3Bn3LrzE/wLO0CMiCdpc3LOfbTHDTlT2rY/rcTC4tLySnI1tba+sbmV3t6pqCCSFMo04IGsuUQBZwLKmmkOtVAC8V0OVbd3FfvVPkjFAnGrByE0fdIVrMMo0UZqpfcafSKz8aU90AQ3uqwPAt8dtdIZO2ePgeeJMyUZNEWplf5qtAMa+SA05USpumOHujk0gxnlMEo1IgUhoT3ShbqhgvigmsPxD0b40Cht3AmkOULjsfq7Y0h8pQa+ayp9oj3114vF/7x6pDvnzSETYaRB0MmiTsSxDnAcB24zCVTzgSGESmbeiqlHJKHahDaz5d7zjn2maH6UGmdzEeP0J4l5UsnnnEKucHOSKV5OU0qifXSAsshBZ6iIrlEJlRFFD+gJPaMX69F6td6s90lpwpr27KIZWB/fkgmf1w==</latexit>

Posterior variance:

Sample from posterior: # ⇠ ⇡(✓ |Y )
<latexit sha1_base64="C2LlLSP6VsdCkr9/JlGFoG10P1c=">AAACJHicbVDLTgIxFO3gC/GFunTTiCa4kAxgfOyIblxiIg/DENIpF6bS6UzaDgkh/IAf4tqtfoM748KNe//CAhMj4kmanJxzb87tcUPOlLbtDyuxsLi0vJJcTa2tb2xupbd3qiqIJIUKDXgg6y5RwJmAimaaQz2UQHyXQ83tXY39Wh+kYoG41YMQmj7pCtZhlGgjtdIHTp9I7YEm2GmbOOyELOvEQpf1QeC7o1Y6Y+fsCfA8ycckg2KUW+kvpx3QyAehKSdKNfJ2qJtDk8Qoh1HKiRSEhPZIFxqGCuKDag4nvxnhQ6O0cSeQ5gmNJ+rvjSHxlRr4rpn0ifbUX28s/uc1It05bw6ZCCMNgk6DOhHHOsDjanCbSaCaDwwhVDJzK6YekYRqU+BMyr3nHftM0cIoNenmYozTnybmSbWQyxdzxZuTTOkybimJ9tA+yqI8OkMldI3KqIIoekBP6Bm9WI/Wq/VmvU9HE1a8s4tmYH1+A8bspKE=</latexit>

model-based uncertainty

BayesBag posterior variance:
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point estimate

BayesBag incorporates model- and 
sampling-based uncertainty 
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#BB ⇠ ⇡BB(✓ |Y )
<latexit sha1_base64="KzdQFVq673SFWj5k8uqMmhH399g="></latexit>

Sample from BayesBag posterior:

Var{✓̂(Yboot)}
<latexit sha1_base64="ugYbrCBJi1MVkecYuNzHImxZ5iY=">AAACGXicbVDLSsNAFJ3UV62vqitxEyxCXViSVnzsim5cVrAPaUKZTKfN2EkmzNwUSgh+iGu3+g3uxK0rP8G/ME2LWOuBC4dz7uXee5yAMwWG8allFhaXlleyq7m19Y3Nrfz2TkOJUBJaJ4IL2XKwopz5tA4MOG0FkmLP4bTpDK7GfnNIpWLCv4VRQG0P933WYwRDInXye9YQSyuyXHAp4OJdJ3KEgPjIijv5glEyUujzxJySApqi1sl/WV1BQo/6QDhWqm0aAdgRlsAIp3HOChUNMBngPm0n1MceVXaUvhDrh4nS1XtCJuWDnqq/JyLsKTXynKTTw+Cqv95Y/M9rh9A7tyPmByFQn0wW9UKug9DHeehdJikBPkoIJpIlt+rExRITSFKb2XLvusceU6Qc59JsLsY4/UlinjTKJbNSqtycFKqX05SyaB8doCIy0RmqomtUQ3VE0AN6Qs/oRXvUXrU37X3SmtGmM7toBtrHN5wRoQY=</latexit>

Bootstrap variance: sampling uncertainty

Var(# |Y )
<latexit sha1_base64="VlY6LCwIOMGS1v8DN+h8EKiNslg=">AAACGHicbVDLTgIxFO3gC/GFujFx00hMcCGZAeNjR3TjEhN5GCCkUy5MpdOZtB0SQvBDXLvVb3Bn3LrzE/wLO0CMiCdpc3LOfbTHDTlT2rY/rcTC4tLySnI1tba+sbmV3t6pqCCSFMo04IGsuUQBZwLKmmkOtVAC8V0OVbd3FfvVPkjFAnGrByE0fdIVrMMo0UZqpfcafSKz8aU90AQ3uqwPAt8dtdIZO2ePgeeJMyUZNEWplf5qtAMa+SA05USpumOHujk0gxnlMEo1IgUhoT3ShbqhgvigmsPxD0b40Cht3AmkOULjsfq7Y0h8pQa+ayp9oj3114vF/7x6pDvnzSETYaRB0MmiTsSxDnAcB24zCVTzgSGESmbeiqlHJKHahDaz5d7zjn2maH6UGmdzEeP0J4l5UsnnnEKucHOSKV5OU0qifXSAsshBZ6iIrlEJlRFFD+gJPaMX69F6td6s90lpwpr27KIZWB/fkgmf1w==</latexit>

Posterior variance:

Sample from posterior: # ⇠ ⇡(✓ |Y )
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• Summarizing the previous slide…
Posterior variance = model-based uncertainty



BayesBag incorporates model- and 
sampling-based uncertainty 

10[H & Miller 2019]

• Summarizing the previous slide…
Posterior variance = model-based uncertainty
Bootstrap variance = sampling-based uncertainty
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• Summarizing the previous slide…
Posterior variance = model-based uncertainty
Bootstrap variance = sampling-based uncertainty
BayesBag variance = model-based + sampling-based uncertainty
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• Summarizing the previous slide…
Posterior variance = model-based uncertainty
Bootstrap variance = sampling-based uncertainty
BayesBag variance = model-based + sampling-based uncertainty

• Model correct: model-based uncertainty = sampling-based uncertainty

• Posterior and bootstrap variances correct
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• Model correct: model-based uncertainty = sampling-based uncertainty

• Posterior and bootstrap variances correct

• BayesBag variance double-counts true uncertainty (conservative)

• Model incorrect: model-based uncertainty ≪ sampling-based uncertainty

• Posterior variance far  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• Summarizing the previous slide…
Posterior variance = model-based uncertainty
Bootstrap variance = sampling-based uncertainty
BayesBag variance = model-based + sampling-based uncertainty

• Model correct: model-based uncertainty = sampling-based uncertainty

• Posterior and bootstrap variances correct

• BayesBag variance double-counts true uncertainty (conservative)

• Model incorrect: model-based uncertainty ≪ sampling-based uncertainty

• Posterior variance far  
too small

• BayesBag variance 
appropriately calibrated
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• Mismatch index I can diagnose when  
data disagrees with assumed model

• -1 < I < 1

• I ≈ 0: no disagreement 

• I > 0: posterior overconfident

• I < 0: posterior under-confident

• Model criticism: mismatch index  
indicates when model needs improvement

• Mismatch index can also detect problems with the prior
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1) compute standard posterior fi(· | Y )
– e.g., use MCMC to get approximate samples ◊(1), . . . , ◊(T ) from fi(· | Y )

2) compute bagged posterior fiBB(· | Y ) using B ¥ 50 bootstrap datasets

– e.g., use MCMC to get approximate samples ◊ú
(b,1), . . . , ◊ú

(b,T ) from fi(· | Y ú
(b))

for b = 1, . . . , B

if Gaussian approximation to standard and bagged posteriors decent then

3a) compute mismatch index I

3b) if I ' .2, consider refining the model and returning to step 1

4) output bagged posterior computed in step 2

BayesBag in practice
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• BayesBag for parameter inference  
(and prediction) 

• BayesBag theory and methodology 

➡ BayesBag for model selection
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• Goal: based on data Y, select between  
a (finite or countable) set of models  
M = {m1, m2, …}

• Example: systematics

• Goal: learn about evolutionary history 
of a set of species [e.g. whales]

Minke whale

Grey whale

Fin whale

Blue whale

m1
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14

• Goal: based on data Y, select between  
a (finite or countable) set of models  
M = {m1, m2, …}

• Example: systematics

• Goal: learn about evolutionary history 
of a set of species [e.g. whales]

• Approach: infer which phylogenetic 
trees are consistent with observed 
species characteristics Y  
[e.g. genetic data, physical features 
such as coloring]

Minke whale

Grey whale

Fin whale

Blue whale

m1
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Minke whale

Grey whale
Blue whale

Fin whalem2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

⇡(m1 |Y ) = .8
<latexit sha1_base64="Dna1Mf4nI3VDSu1KPRrf8wbeGoE=">AAACFnicbVDLSgMxFM3UV62vUcGNm2AR6sJhpgp2IxTcuKxgH9IOQyZNO7FJZkgyhVL7H67d6je4E7du/QT/wvSxsK0HLhzOuZdzOWHCqNKu+21lVlbX1jeym7mt7Z3dPXv/oKbiVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62LsZ+/U+kYrG4l4PEuJz1BW0QzHSRgrso1ZCCzzwYKtL+0TAhzN4DZ1SYOddx50ALhNvRvJghkpg/7TaMU45ERozpFTTcxPtD5HUFDMyyrVSRRKEe6hLmoYKxInyh5P/R/DUKG3YiaUZoeFE/XsxRFypAQ/NJkc6UoveWPzPa6a6U/KHVCSpJgJPgzopgzqG4zJgm0qCNRsYgrCk5leIIyQR1qayuZTHKDrnVOHiKGe68RabWCa1ouNdOMW7y3y5PGspC47BCSgAD1yBMrgFFVAFGDyBF/AK3qxn6936sD6nqxlrdnMI5mB9/QJjBp1D</latexit>

⇡(m2 |Y ) = .1
<latexit sha1_base64="vicNYVxxka5dmJD8Dq9XVcawYc0=">AAACFnicbVDLSgMxFM3UV62vquDGTbAIdeEwUwXdCAU3LivYh3RKyaSZTmySGZJMoYz9D9du9RvciVu3foJ/YdrOwloPXDiccy/ncvyYUaUd58vKLS2vrK7l1wsbm1vbO8XdvYaKEolJHUcski0fKcKoIHVNNSOtWBLEfUaa/uB64jeHRCoaiTs9ikmHo76gAcVIG6lbPPBiWubdCvT6dEgEvD+BV9B2u8WSYztTwEXiZqQEMtS6xW+vF+GEE6ExQ0q1XSfWnRRJTTEj44KXKBIjPEB90jZUIE5UJ53+P4bHRunBIJJmhIZT9fdFirhSI+6bTY50qP56E/E/r53o4LKTUhEnmgg8CwoSBnUEJ2XAHpUEazYyBGFJza8Qh0girE1lcykPYXjKqcKVccF04/5tYpE0KrZ7Zlduz0vVatZSHhyCI1AGLrgAVXADaqAOMHgEz+AFvFpP1pv1bn3MVnNWdrMP5mB9/gBZc509</latexit>

. 

. 

.



Bayesian model selection

14

• Goal: based on data Y, select between  
a (finite or countable) set of models  
M = {m1, m2, …}

• Example: systematics

• Goal: learn about evolutionary history 
of a set of species [e.g. whales]

• Approach: infer which phylogenetic 
trees are consistent with observed 
species characteristics Y  
[e.g. genetic data, physical features 
such as coloring]

• Problem: Bayesian model selection still 
assumes some model in M is correct

Minke whale

Grey whale

Fin whale

Blue whale

m1
<latexit sha1_base64="psq2jvV0jDNdqjwPulyjlu1ZWqw=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96Ln9Uplt+JOgZaJl5My5Kj3Sj/dfkxSQaUhHGvd8dzE+BlWhhFOx8VuqmmCyRAPaMdSiQXVfjY9dYxOrdJHYaxsSYOm6t+JDAutRyKwnQKbSC96E/E/r5Oa8NrPmExSQyWZLQpTjkyMJn+jPlOUGD6yBBPF7K2IRFhhYmw6c1seo+hcME2q46LNxltMYpk0qxXvolK9uyzXanlKBTiGEzgDD66gBrdQhwYQGMALvMKb8+y8Ox/O56x1xclnjmAOztcvFi2W3Q==</latexit>

Minke whale

Grey whale
Blue whale

Fin whalem2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

⇡(m1 |Y ) = .8
<latexit sha1_base64="Dna1Mf4nI3VDSu1KPRrf8wbeGoE=">AAACFnicbVDLSgMxFM3UV62vUcGNm2AR6sJhpgp2IxTcuKxgH9IOQyZNO7FJZkgyhVL7H67d6je4E7du/QT/wvSxsK0HLhzOuZdzOWHCqNKu+21lVlbX1jeym7mt7Z3dPXv/oKbiVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62LsZ+/U+kYrG4l4PEuJz1BW0QzHSRgrso1ZCCzzwYKtL+0TAhzN4DZ1SYOddx50ALhNvRvJghkpg/7TaMU45ERozpFTTcxPtD5HUFDMyyrVSRRKEe6hLmoYKxInyh5P/R/DUKG3YiaUZoeFE/XsxRFypAQ/NJkc6UoveWPzPa6a6U/KHVCSpJgJPgzopgzqG4zJgm0qCNRsYgrCk5leIIyQR1qayuZTHKDrnVOHiKGe68RabWCa1ouNdOMW7y3y5PGspC47BCSgAD1yBMrgFFVAFGDyBF/AK3qxn6936sD6nqxlrdnMI5mB9/QJjBp1D</latexit>

⇡(m2 |Y ) = .1
<latexit sha1_base64="vicNYVxxka5dmJD8Dq9XVcawYc0=">AAACFnicbVDLSgMxFM3UV62vquDGTbAIdeEwUwXdCAU3LivYh3RKyaSZTmySGZJMoYz9D9du9RvciVu3foJ/YdrOwloPXDiccy/ncvyYUaUd58vKLS2vrK7l1wsbm1vbO8XdvYaKEolJHUcski0fKcKoIHVNNSOtWBLEfUaa/uB64jeHRCoaiTs9ikmHo76gAcVIG6lbPPBiWubdCvT6dEgEvD+BV9B2u8WSYztTwEXiZqQEMtS6xW+vF+GEE6ExQ0q1XSfWnRRJTTEj44KXKBIjPEB90jZUIE5UJ53+P4bHRunBIJJmhIZT9fdFirhSI+6bTY50qP56E/E/r53o4LKTUhEnmgg8CwoSBnUEJ2XAHpUEazYyBGFJza8Qh0girE1lcykPYXjKqcKVccF04/5tYpE0KrZ7Zlduz0vVatZSHhyCI1AGLrgAVXADaqAOMHgEz+AFvFpP1pv1bn3MVnNWdrMP5mB9/gBZc509</latexit>

. 

. 

.



Illustration: two normal models

15[H & Miller 2019]

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).



Illustration: two normal models

15[H & Miller 2019]

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).



Illustration: two normal models

15[H & Miller 2019]

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).

m1
<latexit sha1_base64="psq2jvV0jDNdqjwPulyjlu1ZWqw=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96Ln9Uplt+JOgZaJl5My5Kj3Sj/dfkxSQaUhHGvd8dzE+BlWhhFOx8VuqmmCyRAPaMdSiQXVfjY9dYxOrdJHYaxsSYOm6t+JDAutRyKwnQKbSC96E/E/r5Oa8NrPmExSQyWZLQpTjkyMJn+jPlOUGD6yBBPF7K2IRFhhYmw6c1seo+hcME2q46LNxltMYpk0qxXvolK9uyzXanlKBTiGEzgDD66gBrdQhwYQGMALvMKb8+y8Ox/O56x1xclnjmAOztcvFi2W3Q==</latexit>

m2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

Ptrue
<latexit sha1_base64="kZ0OSsl3umUaxihkyoGtKj21hWI=">AAACD3icbVDLSgNBEJyNrxgfiXr0MhgEL4bdKOgx4MVjBPOAZFlmJ73JmNkHM71iWPIRnr3qN3gTr36Cn+BfOHkcTGJBQ1HVTTXlJ1JotO1vK7e2vrG5ld8u7Ozu7RdLB4dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8oc3E7/1CEqLOLrHUQJuyPqRCARnaCSvVKx7XYQn1EGGKoWxVyrbFXsKukqcOSmTOepe6afbi3kaQoRcMq07jp2gmzGFgksYF7qphoTxIetDx9CIhaDdbPr4mJ4apUeDWJmJkE7VvxcZC7Uehb7ZDBkO9LI3Ef/zOikG124moiRFiPgsKEglxZhOWqA9oYCjHBnCuBLmV8oHTDGOpquFlIfB4DwUmlfHBdONs9zEKmlWK85FpXp3Wa7V5i3lyTE5IWfEIVekRm5JnTQIJyl5Ia/kzXq23q0P63O2mrPmN0dkAdbXLx7JnOo=</latexit>



Illustration: two normal models

15[H & Miller 2019]

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).

m1
<latexit sha1_base64="psq2jvV0jDNdqjwPulyjlu1ZWqw=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96Ln9Uplt+JOgZaJl5My5Kj3Sj/dfkxSQaUhHGvd8dzE+BlWhhFOx8VuqmmCyRAPaMdSiQXVfjY9dYxOrdJHYaxsSYOm6t+JDAutRyKwnQKbSC96E/E/r5Oa8NrPmExSQyWZLQpTjkyMJn+jPlOUGD6yBBPF7K2IRFhhYmw6c1seo+hcME2q46LNxltMYpk0qxXvolK9uyzXanlKBTiGEzgDD66gBrdQhwYQGMALvMKb8+y8Ox/O56x1xclnjmAOztcvFi2W3Q==</latexit>

m2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

Ptrue
<latexit sha1_base64="kZ0OSsl3umUaxihkyoGtKj21hWI=">AAACD3icbVDLSgNBEJyNrxgfiXr0MhgEL4bdKOgx4MVjBPOAZFlmJ73JmNkHM71iWPIRnr3qN3gTr36Cn+BfOHkcTGJBQ1HVTTXlJ1JotO1vK7e2vrG5ld8u7Ozu7RdLB4dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8oc3E7/1CEqLOLrHUQJuyPqRCARnaCSvVKx7XYQn1EGGKoWxVyrbFXsKukqcOSmTOepe6afbi3kaQoRcMq07jp2gmzGFgksYF7qphoTxIetDx9CIhaDdbPr4mJ4apUeDWJmJkE7VvxcZC7Uehb7ZDBkO9LI3Ef/zOikG124moiRFiPgsKEglxZhOWqA9oYCjHBnCuBLmV8oHTDGOpquFlIfB4DwUmlfHBdONs9zEKmlWK85FpXp3Wa7V5i3lyTE5IWfEIVekRm5JnTQIJyl5Ia/kzXq23q0P63O2mrPmN0dkAdbXLx7JnOo=</latexit>



Illustration: two normal models

15[H & Miller 2019]

⇡(m1 |Y (1)) = 1

⇡BB(m1 |Y (1)) = 0.82
<latexit sha1_base64="Ivi0gmU1upmZsqXA7NUQCvEpOTc="></latexit>

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).

m1
<latexit sha1_base64="psq2jvV0jDNdqjwPulyjlu1ZWqw=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96Ln9Uplt+JOgZaJl5My5Kj3Sj/dfkxSQaUhHGvd8dzE+BlWhhFOx8VuqmmCyRAPaMdSiQXVfjY9dYxOrdJHYaxsSYOm6t+JDAutRyKwnQKbSC96E/E/r5Oa8NrPmExSQyWZLQpTjkyMJn+jPlOUGD6yBBPF7K2IRFhhYmw6c1seo+hcME2q46LNxltMYpk0qxXvolK9uyzXanlKBTiGEzgDD66gBrdQhwYQGMALvMKb8+y8Ox/O56x1xclnjmAOztcvFi2W3Q==</latexit>

m2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

Ptrue
<latexit sha1_base64="kZ0OSsl3umUaxihkyoGtKj21hWI=">AAACD3icbVDLSgNBEJyNrxgfiXr0MhgEL4bdKOgx4MVjBPOAZFlmJ73JmNkHM71iWPIRnr3qN3gTr36Cn+BfOHkcTGJBQ1HVTTXlJ1JotO1vK7e2vrG5ld8u7Ozu7RdLB4dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8oc3E7/1CEqLOLrHUQJuyPqRCARnaCSvVKx7XYQn1EGGKoWxVyrbFXsKukqcOSmTOepe6afbi3kaQoRcMq07jp2gmzGFgksYF7qphoTxIetDx9CIhaDdbPr4mJ4apUeDWJmJkE7VvxcZC7Uehb7ZDBkO9LI3Ef/zOikG124moiRFiPgsKEglxZhOWqA9oYCjHBnCuBLmV8oHTDGOpquFlIfB4DwUmlfHBdONs9zEKmlWK85FpXp3Wa7V5i3lyTE5IWfEIVekRm5JnTQIJyl5Ia/kzXq23q0P63O2mrPmN0dkAdbXLx7JnOo=</latexit>



Illustration: two normal models

15[H & Miller 2019]

⇡(m1 |Y (2)) = 10�5

⇡BB(m1 |Y (2)) = 0.38
<latexit sha1_base64="TNEudSfRl895hmo28QCwhwGM0FI="></latexit>

⇡(m1 |Y (1)) = 1

⇡BB(m1 |Y (1)) = 0.82
<latexit sha1_base64="Ivi0gmU1upmZsqXA7NUQCvEpOTc="></latexit>

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).

m1
<latexit sha1_base64="psq2jvV0jDNdqjwPulyjlu1ZWqw=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96Ln9Uplt+JOgZaJl5My5Kj3Sj/dfkxSQaUhHGvd8dzE+BlWhhFOx8VuqmmCyRAPaMdSiQXVfjY9dYxOrdJHYaxsSYOm6t+JDAutRyKwnQKbSC96E/E/r5Oa8NrPmExSQyWZLQpTjkyMJn+jPlOUGD6yBBPF7K2IRFhhYmw6c1seo+hcME2q46LNxltMYpk0qxXvolK9uyzXanlKBTiGEzgDD66gBrdQhwYQGMALvMKb8+y8Ox/O56x1xclnjmAOztcvFi2W3Q==</latexit>

m2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

Ptrue
<latexit sha1_base64="kZ0OSsl3umUaxihkyoGtKj21hWI=">AAACD3icbVDLSgNBEJyNrxgfiXr0MhgEL4bdKOgx4MVjBPOAZFlmJ73JmNkHM71iWPIRnr3qN3gTr36Cn+BfOHkcTGJBQ1HVTTXlJ1JotO1vK7e2vrG5ld8u7Ozu7RdLB4dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8oc3E7/1CEqLOLrHUQJuyPqRCARnaCSvVKx7XYQn1EGGKoWxVyrbFXsKukqcOSmTOepe6afbi3kaQoRcMq07jp2gmzGFgksYF7qphoTxIetDx9CIhaDdbPr4mJ4apUeDWJmJkE7VvxcZC7Uehb7ZDBkO9LI3Ef/zOikG124moiRFiPgsKEglxZhOWqA9oYCjHBnCuBLmV8oHTDGOpquFlIfB4DwUmlfHBdONs9zEKmlWK85FpXp3Wa7V5i3lyTE5IWfEIVekRm5JnTQIJyl5Ia/kzXq23q0P63O2mrPmN0dkAdbXLx7JnOo=</latexit>
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⇡(m1 |Y (2)) = 10�5

⇡BB(m1 |Y (2)) = 0.38
<latexit sha1_base64="TNEudSfRl895hmo28QCwhwGM0FI="></latexit>

⇡(m1 |Y (1)) = 1

⇡BB(m1 |Y (1)) = 0.82
<latexit sha1_base64="Ivi0gmU1upmZsqXA7NUQCvEpOTc="></latexit>

⇡(m1 |Y (3)) = 1

⇡BB(m1 |Y (3)) = 0.90
<latexit sha1_base64="A9aavW824nbyUBeyHQCbXB9hytI="></latexit>

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).

m1
<latexit sha1_base64="psq2jvV0jDNdqjwPulyjlu1ZWqw=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96Ln9Uplt+JOgZaJl5My5Kj3Sj/dfkxSQaUhHGvd8dzE+BlWhhFOx8VuqmmCyRAPaMdSiQXVfjY9dYxOrdJHYaxsSYOm6t+JDAutRyKwnQKbSC96E/E/r5Oa8NrPmExSQyWZLQpTjkyMJn+jPlOUGD6yBBPF7K2IRFhhYmw6c1seo+hcME2q46LNxltMYpk0qxXvolK9uyzXanlKBTiGEzgDD66gBrdQhwYQGMALvMKb8+y8Ox/O56x1xclnjmAOztcvFi2W3Q==</latexit>

m2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

Ptrue
<latexit sha1_base64="kZ0OSsl3umUaxihkyoGtKj21hWI=">AAACD3icbVDLSgNBEJyNrxgfiXr0MhgEL4bdKOgx4MVjBPOAZFlmJ73JmNkHM71iWPIRnr3qN3gTr36Cn+BfOHkcTGJBQ1HVTTXlJ1JotO1vK7e2vrG5ld8u7Ozu7RdLB4dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8oc3E7/1CEqLOLrHUQJuyPqRCARnaCSvVKx7XYQn1EGGKoWxVyrbFXsKukqcOSmTOepe6afbi3kaQoRcMq07jp2gmzGFgksYF7qphoTxIetDx9CIhaDdbPr4mJ4apUeDWJmJkE7VvxcZC7Uehb7ZDBkO9LI3Ef/zOikG124moiRFiPgsKEglxZhOWqA9oYCjHBnCuBLmV8oHTDGOpquFlIfB4DwUmlfHBdONs9zEKmlWK85FpXp3Wa7V5i3lyTE5IWfEIVekRm5JnTQIJyl5Ia/kzXq23q0P63O2mrPmN0dkAdbXLx7JnOo=</latexit>
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evolutionary model evolutionary model

Standard Posterior Bagged Posterior
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Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>
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• Have: samples Y = (Y1, …, Yn)

• Goal: predict future outcome 
based on Y [i.e. regression]

Ptrue
<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Yi = (Xi, Zi)
<latexit sha1_base64="0nrQd1VC9o7hrFDbXPX0ls5Qu30=">AAACJ3icbVDLSsNAFJ3UV62vqks3g6XYgpakCgoiFN24rGDfCWEynTRjJw9mJkIJ/QQ/xLVb/QZ3okuX/oXTx8K2HrhwOOde7r3HiRgVUte/tNTS8srqWno9s7G5tb2T3d2rizDmmNRwyELedJAgjAakJqlkpBlxgnyHkYbTvxn5jUfCBQ2DezmIiOWjXkBdipFUkp09atkUXsFC06bHsG3TYibvFpqXsGUnZuiIYRGaMoRtaG dzekkfAy4SY0pyYIqqnf0xuyGOfRJIzJAQHUOPpJUgLilmZJgxY0EihPuoRzqKBsgnwkrGDw1hXild6IZcVSDhWP07kSBfiIHvqE4fSU/MeyPxP68TS/fCSmgQxZIEeLLIjRlUP47SgV3KCZZsoAjCnKpbIfYQR1iqDGe2PHjeiU8FLg8zKhtjPolFUi+XjNNS+e4sV7meppQGB+AQFIABzkEF3IIqqAEMnsALeAVv2rP2rn1on5PWlDad2Qcz0L5/AUlhoto=</latexit>

covariates outcome

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>
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• Have: samples Y = (Y1, …, Yn)

• Goal: predict future outcome 
based on Y [i.e. regression]

Ptrue
<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Yi = (Xi, Zi)
<latexit sha1_base64="0nrQd1VC9o7hrFDbXPX0ls5Qu30=">AAACJ3icbVDLSsNAFJ3UV62vqks3g6XYgpakCgoiFN24rGDfCWEynTRjJw9mJkIJ/QQ/xLVb/QZ3okuX/oXTx8K2HrhwOOde7r3HiRgVUte/tNTS8srqWno9s7G5tb2T3d2rizDmmNRwyELedJAgjAakJqlkpBlxgnyHkYbTvxn5jUfCBQ2DezmIiOWjXkBdipFUkp09atkUXsFC06bHsG3TYibvFpqXsGUnZuiIYRGaMoRtaG dzekkfAy4SY0pyYIqqnf0xuyGOfRJIzJAQHUOPpJUgLilmZJgxY0EihPuoRzqKBsgnwkrGDw1hXild6IZcVSDhWP07kSBfiIHvqE4fSU/MeyPxP68TS/fCSmgQxZIEeLLIjRlUP47SgV3KCZZsoAjCnKpbIfYQR1iqDGe2PHjeiU8FLg8zKhtjPolFUi+XjNNS+e4sV7meppQGB+AQFIABzkEF3IIqqAEMnsALeAVv2rP2rn1on5PWlDad2Qcz0L5/AUlhoto=</latexit>

covariates outcome

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>

Zpred = f(Xnew;Y )
<latexit sha1_base64="e+C67cqYwKraeTBjol0RDSI02+8="></latexit>
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• Have: samples Y = (Y1, …, Yn)

• Goal: predict future outcome 
based on Y [i.e. regression]

• Problem: prediction algorithm is 
unstable [e.g. regression trees] 

Ptrue
<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Yi = (Xi, Zi)
<latexit sha1_base64="0nrQd1VC9o7hrFDbXPX0ls5Qu30=">AAACJ3icbVDLSsNAFJ3UV62vqks3g6XYgpakCgoiFN24rGDfCWEynTRjJw9mJkIJ/QQ/xLVb/QZ3okuX/oXTx8K2HrhwOOde7r3HiRgVUte/tNTS8srqWno9s7G5tb2T3d2rizDmmNRwyELedJAgjAakJqlkpBlxgnyHkYbTvxn5jUfCBQ2DezmIiOWjXkBdipFUkp09atkUXsFC06bHsG3TYibvFpqXsGUnZuiIYRGaMoRtaG dzekkfAy4SY0pyYIqqnf0xuyGOfRJIzJAQHUOPpJUgLilmZJgxY0EihPuoRzqKBsgnwkrGDw1hXild6IZcVSDhWP07kSBfiIHvqE4fSU/MeyPxP68TS/fCSmgQxZIEeLLIjRlUP47SgV3KCZZsoAjCnKpbIfYQR1iqDGe2PHjeiU8FLg8zKhtjPolFUi+XjNNS+e4sV7meppQGB+AQFIABzkEF3IIqqAEMnsALeAVv2rP2rn1on5PWlDad2Qcz0L5/AUlhoto=</latexit>

covariates outcome

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>

Zpred = f(Xnew;Y )
<latexit sha1_base64="e+C67cqYwKraeTBjol0RDSI02+8="></latexit>
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• Have: samples Y = (Y1, …, Yn)

• Goal: predict future outcome 
based on Y [i.e. regression]

• Problem: prediction algorithm is 
unstable [e.g. regression trees] 

• Bagging: stabilize predictions by 
aggregating (averaging) over 
predictions based on 
bootstrapped datasets 

Ptrue
<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Yi = (Xi, Zi)
<latexit sha1_base64="0nrQd1VC9o7hrFDbXPX0ls5Qu30=">AAACJ3icbVDLSsNAFJ3UV62vqks3g6XYgpakCgoiFN24rGDfCWEynTRjJw9mJkIJ/QQ/xLVb/QZ3okuX/oXTx8K2HrhwOOde7r3HiRgVUte/tNTS8srqWno9s7G5tb2T3d2rizDmmNRwyELedJAgjAakJqlkpBlxgnyHkYbTvxn5jUfCBQ2DezmIiOWjXkBdipFUkp09atkUXsFC06bHsG3TYibvFpqXsGUnZuiIYRGaMoRtaG dzekkfAy4SY0pyYIqqnf0xuyGOfRJIzJAQHUOPpJUgLilmZJgxY0EihPuoRzqKBsgnwkrGDw1hXild6IZcVSDhWP07kSBfiIHvqE4fSU/MeyPxP68TS/fCSmgQxZIEeLLIjRlUP47SgV3KCZZsoAjCnKpbIfYQR1iqDGe2PHjeiU8FLg8zKhtjPolFUi+XjNNS+e4sV7meppQGB+AQFIABzkEF3IIqqAEMnsALeAVv2rP2rn1on5PWlDad2Qcz0L5/AUlhoto=</latexit>

covariates outcome

Zbag
pred =

1

B

BX

b=1

f(Xnew;Y
(b)
boot)

<latexit sha1_base64="fmABxFa/fmnTKiPYE4SrcqpFvN0="></latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>

Zpred = f(Xnew;Y )
<latexit sha1_base64="e+C67cqYwKraeTBjol0RDSI02+8="></latexit>
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• Have: samples Y = (Y1, …, Yn)

• Goal: predict future outcome 
based on Y [i.e. regression]

• Problem: prediction algorithm is 
unstable [e.g. regression trees] 

• Bagging: stabilize predictions by 
aggregating (averaging) over 
predictions based on 
bootstrapped datasets 

• Like bagging, BayesBag seems to 
work well with B = 50 or 100

Ptrue
<latexit sha1_base64="yNrYmQo/EdIzEea4bdhMv6/bSSc=">AAACD3icbVDLSgNBEJz1GeMjqx69LAbBi2E3CnoMevEYwTwgCWF20puMmX0w0yOGJR/h2at+gzfx6if4Cf6Fk2QPJrGgoajqppryE8EVuu63tbK6tr6xmdvKb+/s7hXs/YO6irVkUGOxiGXTpwoEj6CGHAU0Ewk09AU0/OHNxG88glQ8ju5xlEAnpP2IB5xRNFLXLlS7bYQnVEGKUsO4axfdkjuFs0y8jBRJhmrX/mn3YqZDiJAJqlTLcxPspFQiZwLG+bZWkFA2pH1oGRrREFQnnT4+dk6M0nOCWJqJ0Jmqfy9SGio1Cn2zGVIcqEVvIv7ntTQGV52UR4lGiNgsKNDCwdiZtOD0uASGYmQIZZKbXx02oJIyNF3NpTwMBmchV6w8zptuvMUmlkm9XPLOS+W7i2LlOmspR47IMTklHrkkFXJLqqRGGNHkhbySN+vZerc+rM/Z6oqV3RySOVhfvx9jnOw=</latexit>

Yboot
<latexit sha1_base64="20pbYpT3sLDj1aIwDWwHqkeyJo8=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwY0mqYJcFNy4r2Ie0oUymk2bsPMLMRCghe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfcEMaPauO63U1hb39jcKm6Xdnb39g/Kh0dtLROFSQtLJlU3QJowKkjLUMNIN1YE8YCRTjC+mfqdJ6I0leLeTGLiczQSNKQYGSt1HwZpIKXJBuWKW3VngKvEy0kF5GgOyj/9ocQJJ8JghrTueW5s/BQpQzEjWamfaBIjPEYj0rNUIE60n87uzeCZVYYwlMqWMHCm/p1IEdd6wgPbyZGJ9LI3Ff/zeokJ635KRZwYIvB8UZgwaCScPg+HVBFs2MQShBW1t0IcIYWwsREtbHmMogtONa5lJZuNt5zEKmnXqt5ltXZ3VWnU85SK4AScgnPggWvQALegCVoAAwZewCt4c56dd+fD+Zy3Fpx85hgswPn6BbJrmW4=</latexit>

Pn
<latexit sha1_base64="n170nn2F0XF87NI7Ry/Z7rxiNpA=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEKI8ENmR2mIWRmdnNzKwJ2XDy7FW/wZvx6pf4Cf6FA+xBwEo6qVR1p7sriDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMbyZ+84kqzSL5YEYx9QXuSxYygo2V7mtd2S2W3LI7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n01DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhFd+ymScGCrJbFGYcGQiNPkb9ZiixPCRJZgoZm9FZIAVJsamM7flcTA4E0yTyrhgs/EWk1gmjUrZOy9X7i5K1esspTwcwTGcggeXUIVbqEEdCPThBV7hzXl23p0P53PWmnOymUOYg/P1C0ntlv8=</latexit>

Yi = (Xi, Zi)
<latexit sha1_base64="0nrQd1VC9o7hrFDbXPX0ls5Qu30=">AAACJ3icbVDLSsNAFJ3UV62vqks3g6XYgpakCgoiFN24rGDfCWEynTRjJw9mJkIJ/QQ/xLVb/QZ3okuX/oXTx8K2HrhwOOde7r3HiRgVUte/tNTS8srqWno9s7G5tb2T3d2rizDmmNRwyELedJAgjAakJqlkpBlxgnyHkYbTvxn5jUfCBQ2DezmIiOWjXkBdipFUkp09atkUXsFC06bHsG3TYibvFpqXsGUnZuiIYRGaMoRtaG dzekkfAy4SY0pyYIqqnf0xuyGOfRJIzJAQHUOPpJUgLilmZJgxY0EihPuoRzqKBsgnwkrGDw1hXild6IZcVSDhWP07kSBfiIHvqE4fSU/MeyPxP68TS/fCSmgQxZIEeLLIjRlUP47SgV3KCZZsoAjCnKpbIfYQR1iqDGe2PHjeiU8FLg8zKhtjPolFUi+XjNNS+e4sV7meppQGB+AQFIABzkEF3IIqqAEMnsALeAVv2rP2rn1on5PWlDad2Qcz0L5/AUlhoto=</latexit>

covariates outcome

Zbag
pred =

1

B

BX

b=1

f(Xnew;Y
(b)
boot)

<latexit sha1_base64="fmABxFa/fmnTKiPYE4SrcqpFvN0="></latexit>

Y
<latexit sha1_base64="hH24RH9xGP3+VSMItbuKC+PC0aA=">AAAB/3icbVDLTgJBEJz1ifhCPXqZSEy8SHbRRI4kXjxCIg8DGzI79MLIzOxmZtaEbDh49qrf4M149VP8BP/CAfYgYCWdVKq6090VxJxp47rfztr6xubWdm4nv7u3f3BYODpu6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nfqtJ1CaRfLejGPwBRlIFjJKjJXqD71C0S25M+BV4mWkiDLUeoWfbj+iiQBpKCdadzw3Nn5KlGGUwyTfTTTEhI7IADqWSiJA++ns0Ak+t0ofh5GyJQ2eqX8nUiK0HovAdgpihnrZm4r/eZ3EhBU/ZTJODEg6XxQmHJsIT7/GfaaAGj62hFDF7K2YDoki1NhsFrY8DoeXgmlanuRtNt5yEqukWS55V6Vy/bpYrWQp5dApOkMXyEM3qIruUA01EEWAXtArenOenXfnw/mct6452cwJWoDz9QvBKpYd</latexit>

Zpred = f(Xnew;Y )
<latexit sha1_base64="e+C67cqYwKraeTBjol0RDSI02+8="></latexit>

⇡BB(✓ | Y ) =
1

B

BX

b=1

⇡(✓ | Y (b)
boot)

<latexit sha1_base64="ea0D8ayWdb9ttL2ni7JEGIQU5DU="></latexit>


