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Bagged posterior corrects for model 
misspecification

• Goal: predict future insurance claims based on (real) historic data ⇒

• Try Bayesian inference (non-trivial) model (data is 10 time series) ⇒

• Problem: uncertainty not well-calibrated because model is wrong⇒

• Alternative: the bootstrap ⇒ too little data

• Solution: use the bagged posterior (BayesBag)
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[H & Miller 2019]
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➡ BayesBag for parameter inference  
(and prediction) 

• BayesBag methodology 

• BayesBag for model selection
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• Observe data Y via model p(Y | 𝜃) 

• Combine prior & likelihood to form posterior: 
 

• Benefits: coherent belief updates, uncertainty 
quantification, flexible modeling, and more

• Assumption #1: measurement model correct: 
observed Y has distribution p(Y | 𝜃true)

• Assumption #2: Prior puts sufficient mass on 
true parameter 𝜃true
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• Bagged posterior
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• We show: when m = n, conservative uncertainty even when model wrong
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• Su�ces to take B = 50 or 100

• Benefits: easy to use, can parallelize across B
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• Assume ◊ œ Rd

• Assume independent observations, so posterior is fi(◊ | Y ) Ã fi0(◊)Qn
i=1 p◊(Yi)

• Assume data Y1, . . . , Yn i.i.d. ≥ Ptrue

• From now on, we consider the large n limit

• We will be ignoring the finite-sample benefits of Bayes

• But, we still get many useful insights!

Now entering asymptopia…

6



• Assume ◊ œ Rd

• Assume independent observations, so posterior is fi(◊ | Y ) Ã fi0(◊)Qn
i=1 p◊(Yi)

• Assume data Y1, . . . , Yn i.i.d. ≥ Ptrue

• From now on, we consider the large n limit

• We will be ignoring the finite-sample benefits of Bayes

• But, we still get many useful insights!

Now entering asymptopia…

6



• Assume ◊ œ Rd

• Assume independent observations, so posterior is fi(◊ | Y ) Ã fi0(◊)Qn
i=1 p◊(Yi)

• Assume data Y1, . . . , Yn i.i.d. ≥ Ptrue

• From now on, we consider the large n limit

• We will be ignoring the finite-sample benefits of Bayes

• But, we still get many useful insights!

Now entering asymptopia…

6



• Assume ◊ œ Rd

• Assume independent observations, so posterior is fi(◊ | Y ) Ã fi0(◊)Qn
i=1 p◊(Yi)

• Assume data Y1, . . . , Yn i.i.d. ≥ Ptrue

• From now on, we consider the large n limit

• We will be ignoring the finite-sample benefits of Bayes

• But, we still get many useful insights!

Now entering asymptopia…

6



• Assume ◊ œ Rd

• Assume independent observations, so posterior is fi(◊ | Y ) Ã fi0(◊)Qn
i=1 p◊(Yi)

• Assume data Y1, . . . , Yn i.i.d. ≥ Ptrue

• From now on, we consider the large n limit

• We will be ignoring the finite-sample benefits of Bayes

• But, we still get many useful insights!

Now entering asymptopia…

6



• Assume ◊ œ Rd

• Assume independent observations, so posterior is fi(◊ | Y ) Ã fi0(◊)Qn
i=1 p◊(Yi)

• Assume data Y1, . . . , Yn i.i.d. ≥ Ptrue

• From now on, we consider the large n limit

• We will be ignoring the finite-sample benefits of Bayes

• But, we still get many useful insights!

Now entering asymptopia…

6



• Assume ◊ œ Rd

• Assume independent observations, so posterior is fi(◊ | Y ) Ã fi0(◊)Qn
i=1 p◊(Yi)

• Assume data Y1, . . . , Yn i.i.d. ≥ Ptrue

• From now on, we consider the large n limit

• We will be ignoring the finite-sample benefits of Bayes

• But, we still get many useful insights!

Now entering asymptopia…

6



• Interested in quantifying uncertainty about KL-optimal parameter

◊opt = arg max
◊

E{log p◊(Y1)}

• Why? p◊opt best explains the data amongst the models {p◊ : ◊ œ Rd}

• When model correctly specified, p◊opt = Ptrue

• Define the maximum likelihood estimator

◊̂(Y ) = arg max
◊

nY

i=1
p◊(Yi)

• Under mild conditions, ◊̂(Y ) æ ◊opt and fi(· | Y ) D=∆ ”◊opt as n æ Œ

Uncertainty about the optimal 
parameter

7
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[Kleijn & van der Vaart 2012] For Ë ≥ fi(· | Y ),

Ë | Y ¥ N(◊̂(Y ), �M/n)
⇣
that is, n1/2{Ë ≠ ◊̂(Y )} D=∆ N(0, �M)

⌘

[Huber 1967, White 1982] Sampling distribution of the MLE satisfies

◊̂(Y ) ¥ N(◊opt, �S/n)

• If Ptrue = p◊opt, then �S = �M and posterior uncertainty about ◊opt correct

• If model misspecified, then in general �S ”= �M and posterior uncertainty about

◊opt could be very wrong

The posterior can be over-confident 
when the model is wrong

8
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 Bootstrap uncertainty is well-
calibrated

9

MLE: ◊̂(Y ) ¥ N(◊opt, �S/n)
Posterior: Ë | Y ¥ N(◊̂(Y ), �M/n)

[van der Vaart & Wellner 1996] Bootstrap distribution of the MLE satisfies

◊̂(Y ú) | Y ¥ N(◊̂(Y ), �S/m)

• With m = n, the bootstrap

¶ quantifies sampling variability

¶ provides correct frequentist confidence intervals
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MLE: ◊̂(Y ) ¥ N(◊opt, �S/n)
Posterior: Ë | Y ¥ N(◊̂(Y ), �M/n)

Bootstrap: ◊̂(Y ú) | Y ¥ N(◊̂(Y ), �S/m)

[H & Miller 2019] BayesBag includes sampling and model-based uncertainty:

for Ëú ≥ fiú(· | Y ),
Ëú | Y ¥ N(◊̂(Y ), (�M + �S)/m)

• If model correct, m = 2n yields correct uncertainty:

Cov(Ëú | Y ) ¥ �S/n

• No matter what, m = n ensures conservative uncertainty:

Cov(Ëú | Y ) Ø �S/n

• Remember: we are ignoring finite-sample benefits of Bayes

The bagged posterior is conservative

10
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Agenda

11

• BayesBag for parameter inference  
(and prediction) 

➡ BayesBag methodology 

• BayesBag for model selection



Posterior: Ë | Y ¥ N(◊̂(Y ), �M/n)
BayesBag: Ëú | Y ¥ N(◊̂(Y ), (�M + �S)/m)

• Var(Ë) = posterior variance ¥ �M/n

• Var(Ëú) = BayesBag variance ¥ (�M + �S)/n

• optimal bootstrap sample size mopt estimate

m̂opt = Var(Ëú)
Var(Ëú) ≠ Var(Ë) ◊ n

æ finite-sample version also available using a Gaussian model approximation

12

Selecting the optimal bootstrap 
dataset size

[H & Miller 2019]
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BayesBag in practice

1) compute standard posterior fi(· | Y )
– e.g., use MCMC to get approximate samples ◊(1), . . . , ◊(T ) from fi(· | Y )

2) compute bagged posterior fiú(· | Y ) with m = n using B ¥ 50 bootstrap

datasets

– e.g., use MCMC to get approximate samples ◊ú
(b,1), . . . , ◊ú

(b,T ) from fi(· | Y ú
(b))

for b = 1, . . . , B

if Gaussian approximation to standard and bagged posteriors decent then

3a) compute optimal bootstrap sample size estimate m̂opt

3b) compute bagged posterior fiú(· | Y ) with m = m̂opt and output

else

4) output bagged posterior with m = n computed in step 2

[H & Miller 2019]
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4) output bagged posterior with m = n computed in step 2
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• Recall:

¶ expect optimal bootstrap dataset size to be mopt = 2n if model is correct

¶ expect optimal bootstrap dataset size to be mopt ¥ n if posterior is

drastically underestimating uncertainty

• Define model–data mismatch index I = 2n/m̂opt ≠ 1

• Provides interpretable diagnostic for

model criticism

¶ ≠1 < I < 1
¶ I ¥ 0: no disagreement

¶ I > 0: posterior overconfident

¶ I < 0: posterior under-confident
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Diagnosing model–data mismatch

[H & Miller 2019]

mismatch index ≈ 1
standard 
posterior 

bagged 
posterior

true 
amount

• Recall:

¶ expect optimal bootstrap dataset size to be mopt = 2n if model is correct

¶ expect optimal bootstrap dataset size to be mopt ¥ n if posterior is

drastically underestimating uncertainty

• Define model–data mismatch index I = 2n/m̂opt ≠ 1

• Provides interpretable diagnostic for

model criticism

¶ ≠1 < I < 1
¶ I ¥ 0: no disagreement

¶ I > 0: posterior overconfident
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• Assumed model: linear regression with a conjugate prior on ◊ = (‡2, —)

Zi | Xi, —, ‡2 ≥ N(X€
i —, ‡2) Yi = (Xi, Zi)

• True model Ptrue (that we simulate from):

Zi | Xi ≥ N(f (Xi)€—gen, 1) Xi ≥ G

• n = 50, d = 10, and m = m̂opt

• Important: when model misspecified, ◊opt ”= (1, —gen) (in general)

Simulations: linear regression
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Assumed model: Zi | Xi, —, ‡2 ≥ N(X€
i —, ‡2)

True model: Zi | Xi ≥ N(f (Xi)€—gen, 1), Xi ≥ G

Mismatch index detects problems 
with likelihood and prior

17[H & Miller 2019]

Assumed model correct Prior off (1-sparse) Likelihood wrong (nonlinear)

something 
is very wrong
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• BayesBag for parameter inference  
(and prediction) 

• BayesBag methodology 

➡ BayesBag for model selection
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• Goal: based on data Y, select between  
a (finite or countable) set of models  
M = {m1, m2, …}

• Example: systematics

• Goal: learn about evolutionary history 
of a set of species [e.g. whales]

Minke whale
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Fin whale

Blue whale

m1
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• Goal: based on data Y, select between  
a (finite or countable) set of models  
M = {m1, m2, …}

• Example: systematics

• Goal: learn about evolutionary history 
of a set of species [e.g. whales]

• Approach: infer which phylogenetic 
trees are consistent with observed 
species characteristics Y  
[e.g. genetic data, physical features 
such as coloring]
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m1
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<latexit sha1_base64="vicNYVxxka5dmJD8Dq9XVcawYc0=">AAACFnicbVDLSgMxFM3UV62vquDGTbAIdeEwUwXdCAU3LivYh3RKyaSZTmySGZJMoYz9D9du9RvciVu3foJ/YdrOwloPXDiccy/ncvyYUaUd58vKLS2vrK7l1wsbm1vbO8XdvYaKEolJHUcski0fKcKoIHVNNSOtWBLEfUaa/uB64jeHRCoaiTs9ikmHo76gAcVIG6lbPPBiWubdCvT6dEgEvD+BV9B2u8WSYztTwEXiZqQEMtS6xW+vF+GEE6ExQ0q1XSfWnRRJTTEj44KXKBIjPEB90jZUIE5UJ53+P4bHRunBIJJmhIZT9fdFirhSI+6bTY50qP56E/E/r53o4LKTUhEnmgg8CwoSBnUEJ2XAHpUEazYyBGFJza8Qh0girE1lcykPYXjKqcKVccF04/5tYpE0KrZ7Zlduz0vVatZSHhyCI1AGLrgAVXADaqAOMHgEz+AFvFpP1pv1bn3MVnNWdrMP5mB9/gBZc509</latexit>

. 

. 

.



Bayesian model selection

19

• Goal: based on data Y, select between  
a (finite or countable) set of models  
M = {m1, m2, …}

• Example: systematics

• Goal: learn about evolutionary history 
of a set of species [e.g. whales]

• Approach: infer which phylogenetic 
trees are consistent with observed 
species characteristics Y  
[e.g. genetic data, physical features 
such as coloring]

• Problem: Bayesian model selection still 
assumes some model in M is correct

Minke whale

Grey whale

Fin whale

Blue whale

m1
<latexit sha1_base64="psq2jvV0jDNdqjwPulyjlu1ZWqw=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96Ln9Uplt+JOgZaJl5My5Kj3Sj/dfkxSQaUhHGvd8dzE+BlWhhFOx8VuqmmCyRAPaMdSiQXVfjY9dYxOrdJHYaxsSYOm6t+JDAutRyKwnQKbSC96E/E/r5Oa8NrPmExSQyWZLQpTjkyMJn+jPlOUGD6yBBPF7K2IRFhhYmw6c1seo+hcME2q46LNxltMYpk0qxXvolK9uyzXanlKBTiGEzgDD66gBrdQhwYQGMALvMKb8+y8Ox/O56x1xclnjmAOztcvFi2W3Q==</latexit>

Minke whale

Grey whale
Blue whale

Fin whalem2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

⇡(m1 |Y ) = .8
<latexit sha1_base64="Dna1Mf4nI3VDSu1KPRrf8wbeGoE=">AAACFnicbVDLSgMxFM3UV62vUcGNm2AR6sJhpgp2IxTcuKxgH9IOQyZNO7FJZkgyhVL7H67d6je4E7du/QT/wvSxsK0HLhzOuZdzOWHCqNKu+21lVlbX1jeym7mt7Z3dPXv/oKbiVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62LsZ+/U+kYrG4l4PEuJz1BW0QzHSRgrso1ZCCzzwYKtL+0TAhzN4DZ1SYOddx50ALhNvRvJghkpg/7TaMU45ERozpFTTcxPtD5HUFDMyyrVSRRKEe6hLmoYKxInyh5P/R/DUKG3YiaUZoeFE/XsxRFypAQ/NJkc6UoveWPzPa6a6U/KHVCSpJgJPgzopgzqG4zJgm0qCNRsYgrCk5leIIyQR1qayuZTHKDrnVOHiKGe68RabWCa1ouNdOMW7y3y5PGspC47BCSgAD1yBMrgFFVAFGDyBF/AK3qxn6936sD6nqxlrdnMI5mB9/QJjBp1D</latexit>

⇡(m2 |Y ) = .1
<latexit sha1_base64="vicNYVxxka5dmJD8Dq9XVcawYc0=">AAACFnicbVDLSgMxFM3UV62vquDGTbAIdeEwUwXdCAU3LivYh3RKyaSZTmySGZJMoYz9D9du9RvciVu3foJ/YdrOwloPXDiccy/ncvyYUaUd58vKLS2vrK7l1wsbm1vbO8XdvYaKEolJHUcski0fKcKoIHVNNSOtWBLEfUaa/uB64jeHRCoaiTs9ikmHo76gAcVIG6lbPPBiWubdCvT6dEgEvD+BV9B2u8WSYztTwEXiZqQEMtS6xW+vF+GEE6ExQ0q1XSfWnRRJTTEj44KXKBIjPEB90jZUIE5UJ53+P4bHRunBIJJmhIZT9fdFirhSI+6bTY50qP56E/E/r53o4LKTUhEnmgg8CwoSBnUEJ2XAHpUEazYyBGFJza8Qh0girE1lcykPYXjKqcKVccF04/5tYpE0KrZ7Zlduz0vVatZSHhyCI1AGLrgAVXADaqAOMHgEz+AFvFpP1pv1bn3MVnNWdrMP5mB9/gBZc509</latexit>

. 

. 

.



BayesBag stabilizes Bayesian model 
selection

20[Yang & Zhu 2018, H & Miller 2019]

• Assume two models m1 and m2

• Assume m1 and m2 explain the data-generating distribution equally well:

E{log p(Y | m1)} = E{log p(Y | m2)}

• Then, we hope models have equal posterior probability (n æ Œ):

fi(m1 | Y ) = fi(m2 | Y ) = 1/2

• However...

[Yang & Zhu 2018, H & Miller 2019] fi(m1 | Y ) = 0 or 1 with equal probability.

[H & Miller 2019]

A) If m = n, then fiú(m1 | Y ) ≥ Uniform(0, 1)
B) If m/n æ 0, then fiú(m1 | Y ) æ 1/2.



BayesBag stabilizes Bayesian model 
selection

20[Yang & Zhu 2018, H & Miller 2019]

• Assume two models m1 and m2

• Assume m1 and m2 explain the data-generating distribution equally well:

E{log p(Y | m1)} = E{log p(Y | m2)}

• Then, we hope models have equal posterior probability (n æ Œ):

fi(m1 | Y ) = fi(m2 | Y ) = 1/2

• However...

[Yang & Zhu 2018, H & Miller 2019] fi(m1 | Y ) = 0 or 1 with equal probability.

[H & Miller 2019]

A) If m = n, then fiú(m1 | Y ) ≥ Uniform(0, 1)
B) If m/n æ 0, then fiú(m1 | Y ) æ 1/2.



BayesBag stabilizes Bayesian model 
selection

20[Yang & Zhu 2018, H & Miller 2019]

• Assume two models m1 and m2

• Assume m1 and m2 explain the data-generating distribution equally well:

E{log p(Y | m1)} = E{log p(Y | m2)}

• Then, we hope models have equal posterior probability (n æ Œ):

fi(m1 | Y ) = fi(m2 | Y ) = 1/2

• However...

[Yang & Zhu 2018, H & Miller 2019] fi(m1 | Y ) = 0 or 1 with equal probability.

[H & Miller 2019]

A) If m = n, then fiú(m1 | Y ) ≥ Uniform(0, 1)
B) If m/n æ 0, then fiú(m1 | Y ) æ 1/2.



BayesBag stabilizes Bayesian model 
selection

20[Yang & Zhu 2018, H & Miller 2019]

• Assume two models m1 and m2

• Assume m1 and m2 explain the data-generating distribution equally well:

E{log p(Y | m1)} = E{log p(Y | m2)}

• Then, we hope models have equal posterior probability (n æ Œ):

fi(m1 | Y ) = fi(m2 | Y ) = 1/2

• However...

[Yang & Zhu 2018, H & Miller 2019] fi(m1 | Y ) = 0 or 1 with equal probability.

[H & Miller 2019]

A) If m = n, then fiú(m1 | Y ) ≥ Uniform(0, 1)
B) If m/n æ 0, then fiú(m1 | Y ) æ 1/2.



BayesBag stabilizes Bayesian model 
selection

20[Yang & Zhu 2018, H & Miller 2019]

• Assume two models m1 and m2

• Assume m1 and m2 explain the data-generating distribution equally well:

E{log p(Y | m1)} = E{log p(Y | m2)}

• Then, we hope models have equal posterior probability (n æ Œ):

fi(m1 | Y ) = fi(m2 | Y ) = 1/2

• However...
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[H & Miller 2019]
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all posterior mass on a 
single, arbitrary model



BayesBag stabilizes Bayesian model 
selection

20[Yang & Zhu 2018, H & Miller 2019]

• Assume two models m1 and m2

• Assume m1 and m2 explain the data-generating distribution equally well:

E{log p(Y | m1)} = E{log p(Y | m2)}

• Then, we hope models have equal posterior probability (n æ Œ):
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BayesBag stabilizes Bayesian model 
selection

20[Yang & Zhu 2018, H & Miller 2019]

• Assume two models m1 and m2

• Assume m1 and m2 explain the data-generating distribution equally well:

E{log p(Y | m1)} = E{log p(Y | m2)}

• Then, we hope models have equal posterior probability (n æ Œ):

fi(m1 | Y ) = fi(m2 | Y ) = 1/2

• However...

[Yang & Zhu 2018, H & Miller 2019] fi(m1 | Y ) = 0 or 1 with equal probability.

[H & Miller 2019]

A) If m = n, then fiú(m1 | Y ) ≥ Uniform(0, 1)
B) If m/n æ 0, then fiú(m1 | Y ) æ 1/2.

bagged posterior mass 
more evenly distributed

all posterior mass on a 
single, arbitrary model



Illustration: two normal models

21[H & Miller 2019]

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).
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Illustration: two normal models

21[H & Miller 2019]

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).

m1
<latexit sha1_base64="psq2jvV0jDNdqjwPulyjlu1ZWqw=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96Ln9Uplt+JOgZaJl5My5Kj3Sj/dfkxSQaUhHGvd8dzE+BlWhhFOx8VuqmmCyRAPaMdSiQXVfjY9dYxOrdJHYaxsSYOm6t+JDAutRyKwnQKbSC96E/E/r5Oa8NrPmExSQyWZLQpTjkyMJn+jPlOUGD6yBBPF7K2IRFhhYmw6c1seo+hcME2q46LNxltMYpk0qxXvolK9uyzXanlKBTiGEzgDD66gBrdQhwYQGMALvMKb8+y8Ox/O56x1xclnjmAOztcvFi2W3Q==</latexit>

m2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

Ptrue
<latexit sha1_base64="kZ0OSsl3umUaxihkyoGtKj21hWI=">AAACD3icbVDLSgNBEJyNrxgfiXr0MhgEL4bdKOgx4MVjBPOAZFlmJ73JmNkHM71iWPIRnr3qN3gTr36Cn+BfOHkcTGJBQ1HVTTXlJ1JotO1vK7e2vrG5ld8u7Ozu7RdLB4dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8oc3E7/1CEqLOLrHUQJuyPqRCARnaCSvVKx7XYQn1EGGKoWxVyrbFXsKukqcOSmTOepe6afbi3kaQoRcMq07jp2gmzGFgksYF7qphoTxIetDx9CIhaDdbPr4mJ4apUeDWJmJkE7VvxcZC7Uehb7ZDBkO9LI3Ef/zOikG124moiRFiPgsKEglxZhOWqA9oYCjHBnCuBLmV8oHTDGOpquFlIfB4DwUmlfHBdONs9zEKmlWK85FpXp3Wa7V5i3lyTE5IWfEIVekRm5JnTQIJyl5Ia/kzXq23q0P63O2mrPmN0dkAdbXLx7JnOo=</latexit>



Illustration: two normal models

21[H & Miller 2019]

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).

m1
<latexit sha1_base64="psq2jvV0jDNdqjwPulyjlu1ZWqw=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96Ln9Uplt+JOgZaJl5My5Kj3Sj/dfkxSQaUhHGvd8dzE+BlWhhFOx8VuqmmCyRAPaMdSiQXVfjY9dYxOrdJHYaxsSYOm6t+JDAutRyKwnQKbSC96E/E/r5Oa8NrPmExSQyWZLQpTjkyMJn+jPlOUGD6yBBPF7K2IRFhhYmw6c1seo+hcME2q46LNxltMYpk0qxXvolK9uyzXanlKBTiGEzgDD66gBrdQhwYQGMALvMKb8+y8Ox/O56x1xclnjmAOztcvFi2W3Q==</latexit>

m2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

Ptrue
<latexit sha1_base64="kZ0OSsl3umUaxihkyoGtKj21hWI=">AAACD3icbVDLSgNBEJyNrxgfiXr0MhgEL4bdKOgx4MVjBPOAZFlmJ73JmNkHM71iWPIRnr3qN3gTr36Cn+BfOHkcTGJBQ1HVTTXlJ1JotO1vK7e2vrG5ld8u7Ozu7RdLB4dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8oc3E7/1CEqLOLrHUQJuyPqRCARnaCSvVKx7XYQn1EGGKoWxVyrbFXsKukqcOSmTOepe6afbi3kaQoRcMq07jp2gmzGFgksYF7qphoTxIetDx9CIhaDdbPr4mJ4apUeDWJmJkE7VvxcZC7Uehb7ZDBkO9LI3Ef/zOikG124moiRFiPgsKEglxZhOWqA9oYCjHBnCuBLmV8oHTDGOpquFlIfB4DwUmlfHBdONs9zEKmlWK85FpXp3Wa7V5i3lyTE5IWfEIVekRm5JnTQIJyl5Ia/kzXq23q0P63O2mrPmN0dkAdbXLx7JnOo=</latexit>



Illustration: two normal models

21[H & Miller 2019]

⇡(m1 |Y (1)) = 1

⇡⇤(m1 |Y (1)) = 0.82
<latexit sha1_base64="bpa9QZ0TIzByzUZValGJo9Y6qHs="></latexit>

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).

m1
<latexit sha1_base64="psq2jvV0jDNdqjwPulyjlu1ZWqw=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96Ln9Uplt+JOgZaJl5My5Kj3Sj/dfkxSQaUhHGvd8dzE+BlWhhFOx8VuqmmCyRAPaMdSiQXVfjY9dYxOrdJHYaxsSYOm6t+JDAutRyKwnQKbSC96E/E/r5Oa8NrPmExSQyWZLQpTjkyMJn+jPlOUGD6yBBPF7K2IRFhhYmw6c1seo+hcME2q46LNxltMYpk0qxXvolK9uyzXanlKBTiGEzgDD66gBrdQhwYQGMALvMKb8+y8Ox/O56x1xclnjmAOztcvFi2W3Q==</latexit>

m2
<latexit sha1_base64="fhdmpccEdfAZWx7deDX0E4BpTnA=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzQOSJcxOZrNjZmaXmVkhLDl59qrf4E28+iV+gn/hJNmDSSxoKKq66e4KEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gIPJAsZwcZK96JX7ZXKbsWdAi0TLydlyFHvlX66/ZikgkpDONa647mJ8TOsDCOcjovdVNMEkyEe0I6lEguq/Wx66hidWqWPwljZkgZN1b8TGRZaj0RgOwU2kV70JuJ/Xic14bWfMZmkhkoyWxSmHJkYTf5GfaYoMXxkCSaK2VsRibDCxNh05rY8RtG5YJpUx0WbjbeYxDJpViveRaV6d1mu1fKUCnAMJ3AGHlxBDW6hDg0gMIAXeIU359l5dz6cz1nripPPHMEcnK9fF8iW3g==</latexit>

Ptrue
<latexit sha1_base64="kZ0OSsl3umUaxihkyoGtKj21hWI=">AAACD3icbVDLSgNBEJyNrxgfiXr0MhgEL4bdKOgx4MVjBPOAZFlmJ73JmNkHM71iWPIRnr3qN3gTr36Cn+BfOHkcTGJBQ1HVTTXlJ1JotO1vK7e2vrG5ld8u7Ozu7RdLB4dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8oc3E7/1CEqLOLrHUQJuyPqRCARnaCSvVKx7XYQn1EGGKoWxVyrbFXsKukqcOSmTOepe6afbi3kaQoRcMq07jp2gmzGFgksYF7qphoTxIetDx9CIhaDdbPr4mJ4apUeDWJmJkE7VvxcZC7Uehb7ZDBkO9LI3Ef/zOikG124moiRFiPgsKEglxZhOWqA9oYCjHBnCuBLmV8oHTDGOpquFlIfB4DwUmlfHBdONs9zEKmlWK85FpXp3Wa7V5i3lyTE5IWfEIVekRm5JnTQIJyl5Ia/kzXq23q0P63O2mrPmN0dkAdbXLx7JnOo=</latexit>



Illustration: two normal models

21[H & Miller 2019]

⇡(m1 |Y (2)) = 10�5

⇡⇤(m1 |Y (2)) = 0.38
<latexit sha1_base64="xJNAvf+BlHRhGOA+pBBB2atUNP4="></latexit>

⇡(m1 |Y (1)) = 1

⇡⇤(m1 |Y (1)) = 0.82
<latexit sha1_base64="bpa9QZ0TIzByzUZValGJo9Y6qHs="></latexit>

• Models are m1 = N(≠1, 1) and m2 = N(1, 1)

• True distribution is Ptrue = N(0, 1)

• Generate datasets Y (1), Y (2), . . . of size n = 1000,

where Y (i)
j ≥ N(0, 1).

m1
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1. provides better-calibrated uncertainty that is conservative by 
default (parameter inference)

2. more stable model probabilities (model selection)

3. demonstrates excellent empirical performance

4. is easy to use and widely applicable

5. combines the flexible modeling features of Bayes with the 
distributional robustness of frequentist methods

• Future work: finite-sample properties of BayesBag and mismatch index, 
computation, non-independent data (e.g. time series & spatial models)

• Conclusion: you should give BayesBag a try! 

• On arXiv soon (if you want a heads up: jhuggins@hsph.harvard.edu)
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• By assumption, E[”i] = 0
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